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Q-i! Abstract 

The anapole form factor of the nucleon is calculated in chiral perturbation the- 
. ory to subdeading order. This is the lowest order in which the isovector anapole 

form factor does not vanish. The anapole moment depends on counterterms that 
' reflect short-range dynamics, but the momentum dependence of the form factor is 

determined by pion loops in terms of parameters that could in principle be fixed 
from other processes. If these parameters are assumed to have natural size, the 
subdeading corrections do not exceed ~ 30% at momentum Q ~ 300 MeV. 
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Parity-violating electron scattering has long played a role in understanding electroweak 
interactions, and has more recently been explored as a tool for the study of nucleon 
structure. The SAMPLE collaboration has carried out electron scattering measurements 
at a momentum transferred of Q 2 = 0.1 MeV 2 on both the proton |TJ and the deuteron 
fH , for a simultaneous extraction of the strange magnetic (G S M ) and the axial form factor 
of the nucleon (G e A ). 

One quantity that contributes in electron scattering as G e A is the anapole form factor, 
which is an extension for Q 2 > of the anapole moment. The anapole is a parity- 
violating electromagnetic moment of a charge particle with spin 0. Recently the effect 
of the nuclear anapole moment in atomic parity violation was measured precisely in 133 Cs 
transitions [|J, and a discrepancy with theory found. Parity violation in this case is 
enhanced by nuclear medium effects. No such enhancement is present in parity-violating 
electron scattering off the proton and deuteron; however, the anapole form factor could 
still be visible. Using previous estimates of the anapole moment || ||, the proton data 
implies a positive value for G S M , in disagreement with most theoretical predictions (for 
a summary, see Ref. 0). 

Experiments of current interest [p], |2], §| f|, [10| are performed at finite Q 2 = —q 2 . For 
Q < Mqcd, where Mq C d ~ 1 GeV is the characteristic QCD mass scale, we are deep in 
the non-perturbative regime of QCD, where currently the only possible systematic calcu- 
lations are in terms of hadrons. At Q ~ C^m^) the photon can resolve the pion cloud 
around the non-relativistic nucleon, and calculations are possible in Chiral Pertubation 
Theory (ChPT), which involves pions, nucleons, and delta isobars, and which has been 



successfully applied to hadronic and nuclear systems [11, 12]. The first anapole calcula- 
tions were limited to Q 2 = in leading [^ |(J and sub-leading orders || O]. Recently, the 
full form factor of the nucleon was calculated in leading order ||i"4| , [L5| . In this order the 
form factor comes entirely from the pion cloud and is purely isoscalar, while experiments 
are most sensitive to the isovector component 0. Here we report results of sub-leading 
contributions to the nuclear anapole form factor, where the isovector part first appears. 

In the framework of ChPT, QCD symmetries are used as a guide to build the most 
general effective Lagrangian. The number of terms in the Lagrangian is not constrained 
by symmetries, which demands a power counting argument to order interactions according 
to the expected size of their contributions. In order to fullfill chiral symmetry require- 
ments, pions couple derivatively in the chiral limit; this derivative coupling brings to 
the amplitude powers of pion momentum or powers of the delta-nucleon mass difference 
(comparable to the pion mass). Chiral symmetry breaking terms involve quark masses, so 
they bring into the amplitude powers of the pion mass. Thus one has a chiral index (A) 
available to order the Lagrangian terms, C = X)a For strong interactions, the index 
counts powers of Q/Mqcd, and it is given by A = d + n/2 — 2, where n is the number 
of fermions fields and d counts the numbers of derivatives, powers of the pion mass, and 
of the delta-nucleon mass difference. In the presence of electromagnetic interactions, it is 
convenient to include in d powers of the charge e as well. Weak interactions, on the other 
hand, bring powers of a very small factor GfJ^, where Gf is the Fermi constant and 
the pion decay constant. Since we count these factors explicitly, negative indices appear. 
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Based on this power counting argument the interactions relevant to our problem are 
the following. The parity-conserving terms are well known [IT|: 
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Here 7r denotes the pion field with f n = 93 MeV the pion decay constant; N represents the 
heavy nucleon field of four- velocity v M and spin S 1 * (in the nucleon rest frame v M = (1,0) 
and = (0, ct/2)); y4 M is the photon field and is the photon strength field; = 
(d^—ieQA^) is the covariant derivative, with = —ie 3a b for a pion and = (l+r 3 )/2 
for a nucleon; and stands for other interactions with more pions, nucleons and deltas. 
The pion-nucleon coupling and the magnetic photon-nucleon couplings and 
are not determined from symmetry but expected to be 0(1); indeed, one finds g& = 1.267, 
K ( s ) = -0.12, and k^ v} = 5.62 0. 



The relevant parity-violating terms were discussed in Ref. 
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and /iy' 2 ' ) are, respectively, Yukawa, axial-vector and vector parity- 



violating pion-nucleon couplings, with superscripts refering to isospin AI = 0, 1 and 2. On 



the basis of naive dimensional analysis, h^jf N f n ~ 0(GFf 2 MQ C D), and h ( ^' z> ~ /i 
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0(Gpf 2 )- Also, a 0) i are short-range contributions to the anapole moment, expected to 
be of 0{eG F fl/m 2 N ) = 0(eG F /(4vr) 2 ). 

The current-current electron-nucleon interaction has the form 
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where e(fc) (N(p)) is an electron (nucleon) spinors of momentum (p), — e is the electron 
charge, iD^ u (q) = —irj^/q 2 is the photon propagator with q 2 = {p — p') 2 = —Q 2 < 0, and 
the nucleon anapole current iJ£ n reads 
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where ao and a± are the isoscalar and isovector anapole moments, and F A °\—q 2 ) and 
(— q 2 ) their corresponding form factors. 

The diagrams contributing to the nucleon anapole form factor in next-to-leading order 
(NLO) are shown in Figs. [l],|2||| We classify them according to the combination of 
couplings that appear. 

The NLO diagrams of Fig. [I] are built from the leading interactions in £fj r / em and 

^weaki P ms one insertion of an operator from £^L em . This insertion can be (i) a kinetic 
correction — either in the nucleon propagator or in the external energy — to the leading or- 
der (LO) diagrams computed in Ref. |T5|]; or (ii) a sub-leading (magnetic) photon-nucleon 
interaction. The size of these diagrams is 0(eGpQ 2 / (An) 2 ). Indeed, LO contributions are 
0(eG F M Q c D Q/(47r) 2 ) @, and NLO is of relative size 0(Q/M QC d)- (For example, the 
diagram |l]e has a kinetic insertion of Q 2 jvn^ and an extra propagator 1/Q compared 
to the corresponding LO diagram.) Diagrams (c), (g) and (j) do not contribute to the 
anapole form factor because they are proportional to v M and the diagram (d) vanishes be- 
cause it is proportional to S ■ v — 0. Diagram (i) gives a pure isovector contribution, but 
it gets cancelled by the isovector part of diagram (k). Therefore, the sum of all diagrams 
in Fig. |] is a purely isoscalar result. 

The diagrams in Fig. |2| have axial- vector vertices from C^lak- They have both isovector 
and isoscalar parts. To evaluate the size of the contributions represented by these dia- 
grams, one takes, for example, the diagram 2a: it has a parity-violating two pion-nucleon 
axial vertex of the order GpQ, a photon-pion vertex of 0(eQ), two pion propagators each 
one of 0(1/Q 2 ), and the loop integration of 0(Q a /(4tt 2 )). Diagrams of this type are then 
also of 0(eG F Q 2 /(4n) 2 ). 

In Fig. |3|, diagrams contain vector couplings coming from C^ eak . Since the parity- 
violating vector coupling is 0{Q / Mqcd) smaller than the LO Yukawa coupling, these 
contributions are clearly also 0(eGpQ 2 /(4:7i) 2 ). Diagrams (b) and (d) are proportional to 

and do not contribute to the anapole form factor. Diagrams (a) and (c) give a purely 
isovector contribution. 

Finally, there are short range contributions from C^ eak depicted in Fig. |j. From the 
size of a ,i, we see that these contributions are also 0(eGpQ 2 /(47r) 2 ). 



Note that to this order there are no contributions from the delta isobar [|n|. Deltas 
would contribute at this order through intermediate states of diagrams with one pion loop, 
e.g. diagram [L]c with one nucleon propagator replaced by a delta: at least there would be 
one 7riVA vertex, either parity conserving or violating, and both kinds of vertices have the 
same 275 structure, which vanishes in the framework of ChPT. The first non-vanishing 
delta contribution shows up in an order higher than we are considering here. 



Let us first discuss the isoscalar component, which did not vanish in leading order |T3 
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As the final contribution represented by the diagrams in Fig. [I] is isoscalar, we add it to 
the isoscalar contribution of the diagrams in Fig. |2|, and find for the anapole moment in 
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Figure 1: Diagrams contributing to the nucleon anapole form factor in sub-leading order 
coming from one insertion of an C^ r i em operator. Solid, dashed and wavy lines represent 
nucleon, pions and (virtual) photons, respectively; squares represent the parity-violating 
vertex from C^J k ; single filled circles stand for interactions from C^ r , em and double circles 

represent interactions from C^ r / em . For simplicity only one possible orderings are shown 
here. 
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where \x is the renormalization scale and 7 = 0.5772157 is the Euler constant. As usual in 
ChPT, the only term that can be calculated explicitly is non-analytic in the pion mass; 
it has the expected size, that is, it is O^^/Mqcd) smaller than a^ . This result for the 
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Figure 2: Diagrams contributing to the nucleon anapole form factor in sub-leading order 
coming from one insertion of the axial- vector couplings in C^ eak , represented by a double 
square. Other symbols are as in Fig. [l|. 



anapole moment agrees with that of a previous calculation [Tj|. The term in agrees 
withRef. [|. 

The total isoscalar form factor reads 
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where Fq°{Q 2 ) is the leading-order form factor given by [15 
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As in lowest order, the momentum dependence is fixed by the pion cloud, and there- 
fore the scale for momentum variation is determined by 2m n . Because there are several 
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Figure 3: Diagrams contributing to the nucleon anapole form factor in sub- leading order 
coming from one insertion of the vector couplings in C^l ak , represented by a double square. 
Other symbols are as in Fig. |I| For simplicity only one of two possible orderings are shown 
here. 



contributions to the form factor, for which we follow the conventional normalization to 
1, the exact form depends also on the coupling constants that contribute to the anapole 
moment. Unfortunately these are currently not well determined by other data; once they 
are, one can plot the form to this order. Here we can only study "reasonable" estimates 
of the momentum dependence. Assuming |J a (A xSB ) = where A xS b ~ 4nf n is the 
chiral symmetry breaking scale, we rewrite 
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Figure 4: Diagram contributing to the nucleon anapole moment in sub-leading order 
coming from J0^ eak , represented by a quadruple square. Other symbols are as in Fig. |l[ 
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Figure 5: The isoscalar anapole form factor Fq as function of Q in x?T: leading order 
(LO) and next-to-leading order (NLO) for a few reasonable values of parameters expressed 
by the ratio r = \/2m N h 1 A /3g A f ir hl NN . 



where r = y/2m N h$ /3g A f^ } NN ~ 1/3. In Fig. | we show F LO (Q 2 ) and F^° +NLO (Q 2 ) 
for several values of r. 

From the form factor is easy to extract closed forms for the mean square radius. We 
find 
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Using the same estimates as for the form factor, 
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The isovector anapole moment a^ 10 comes from contributions represented by the di- 



For r ranging from —2 to 2, ( r fy LO+NLO rari g es from 3 to 1 x 10 5 MeV 



agrams in Figs. ULl We find 
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The term in agrees 



Again, our result has the expected size and agrees with Ref. [[I 
withRef. [|. 

Contrary to the isoscalar part, the isovector anapole form factor first appears in next- 
to-leading order and reads 
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and they all are summarized as 
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where s — — 1 for = and s — 1 for ai(/i) = — 2a ln(/i 2 /m 2 ), /i 

Fig. H shows Ff LO (Q 2 ) for these four cases of s and /x. 
The isovector mean square radius is 
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For fi = A x sb one obtains (rf) NLO 
s(298 MeV)" 2 , where s = ±1. 

We have thus for the first time calculated the momentum dependence of the anapole 
form factor in next-to-leading order in ChPT. Using dimensional analysis to estimate 
currently unknown parameters, we see that the variation with momentum is ~ 20% at 
Q ~ 300 MeV in both isoscalar and isovector channels. The overall size of the anapole 
contribution to electron scattering is thus likely not very different than that given by the 
anapole moment itself. We can compare our result for the isovector component to the 
forthcoming SAMPLE measurement. The SAMPLE collaboration will extract an axial 
contribution as seen by the electron, G^(0.1MeV 2 ) §. If this value is very different from 
the tree-level result, it can only be assigned to the anapole form factor if the parameters are 
substantially larger than the naive dimensional expectation. Using our previous estimate, 
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Figure 6: The isovector anapole form factor F^lo ag f unc tj ori Q f Q j n ChPT, for a few 
reasonable values of parameters expressed by the regularization scale // that parametrizes 
the size of the counterterm, and by s that states the sign of the counterterm. 



where 77 = 8^^/(1 -4sin 2 ^) = 3.45, G A (0) = 1.267, G S A (0) = -0.12, G A (Q 2 
G A (0)/D(Q 2 ), G S A (Q 2 ) = G A (Q)/D(Q 2 ), D(Q 2 ) = 1 + Q 2 /M 2 A , and M A = 1.061 GeV. For 
example, G^(0.1MeV 2 



(2) 
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— 10~ 5 , a hundred times 
larger in magnitude than dimensional analysis estimate. This is very unlikely, especially 
considering a recent estimate in the chiral quark model [16] . 

In any case, in the future, when parity-violating pion-nucleon parameters are deter- 
mined from other processes, one can use the results reported here to make firmer predic- 
tions for the anapole contribution at various transferred momenta. 
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